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Abstract

Cure residual stress and its effect on damage in unidirectional fibre-reinforced polymer–matrix composites under trans-
verse loading were studied using a micromechanical unit cell model and the finite element method. The overall residual
stress introduced from curing was determined by considering two contributions: volume shrinkage of matrix resin from
the crosslink polymerization during isothermal curing and thermal contraction of both resin and fibre as a result of cooling
from the curing temperature to room temperature. To examine the effect of residual stress on failure, a model based on the
Maximum Principal Stress criterion and stiffness degradation technique was used for damage analysis of the unit cell sub-
jected to mechanical loading after curing. Predicted damage initiation and evolution are clearly influenced by the inclusion
of residual stress. Residual stress is always detrimental for transverse compressive loading and pure shear loading. For
transverse tensile loading, residual stress is detrimental for relatively low resin strength and beneficial for relatively high
resin strength. Failure envelopes were obtained for both biaxial normal loading and combined shear and normal loading
and the results show that residual stress results in a shifting and contraction of the failure envelopes.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

A high temperature curing procedure is generally required for the manufacturing of fibre-reinforced poly-
mer–matrix composites. A typical curing process consists of two steps: (1) isothermal curing at an elevated
temperature during which the polymer shrinks as a result of the purely chemical reaction (polymerisation)
and builds up stiffness while the reinforcement remains unchanged; (2) thermal cooling from the curing tem-
perature to room temperature during which both polymer and reinforcement contract but by different amount
and in addition the polymer may change its stiffness significantly. Chemical shrinkage and thermal cooling
contraction of polymer resin are constrained by the surrounding fibre reinforcement, which inevitably results
0020-7683/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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in the development of residual stresses both at the fibre/matrix interface and inside the bulk resin and fibre.
Therefore, cure residual stress is contributed by the chemical shrinkage of the curing resin and the thermal
cooling contraction of the resin and fibre system.

Shrinkage stress is a direct result of volume changes of polymer matrix that occur during the polymeriza-
tion process and will depend on the chemical nature of the material and the curing procedure. During curing,
the polymer can go through two main transitions: gelation and vitrification. Gelation corresponds to the for-
mation of molecular networks and vitrification occurs when the glass transition temperature Tg of the polymer
reaches the curing temperature. If the material is isothermally cured above the glass transition temperature,
only gelation will occur. When the material is cured below the glass transition temperature, it will first gelate
and then vitrify. The gelation process results in an equilibrium elastic modulus, whereas vitrification is asso-
ciated with the transition from a rubbery modulus to a glassy modulus. The change in elastic modulus asso-
ciated with gelation and vitrification, together with the volume contraction of the polymer, is the dominant
factor in the occurrence of the shrinkage stress (Lange et al., 1995).

Thermal cooling stress arises from the mismatch in the coefficients of thermal expansion of the fibre and
matrix. During cooling, both constituents contract but the full contraction of the matrix is constrained as a
consequence of being bonded to the fibre. On the other hand, the fibre is not only shortened by its own thermal
contraction, but is also compressed by the constrained contraction of the matrix. As a result, residual com-
pressive stresses are induced in the fibre. At the same time, the matrix is constrained by the fibre from full
contraction, and as a result, is stressed in tension. The magnitude of these stresses will depend on the prop-
erties of the fibre and resin system including the thermal expansion coefficient a, Poisson�s ratio m and elastic
modulus E.

Numerous methods have been developed to determine the residual stresses in polymer–matrix composites
both experimentally and analytically. In general, experimental methods fall into two categories, namely
destructive and non-destructive methods. Destructive methods, such as hole-drilling (Rendler and Vigness,
1966), sectioning/cutting (Gascoigne, 1994) and first-ply failure test (Kim and Hahn, 1979), require the spec-
imen to be destroyed during testing and therefore cannot be used for in situ measurements. Non-destructive
tests include warpage/curvature measurements (Dannenberg, 1965), the cure-reference method (Ifju et al.,
2000) and techniques using embedded sensors (strain gauges, fibre optics or crystalline materials) with an
X-ray or neutron diffraction method (Kesler et al., 1998; Benedikt et al., 2001). As far as analytical methods
are concerned, residual stresses in composites are generally studied on the macro- and meso/microlevels. On
the macro-level, classical laminate theory is generally used and gives predictions at the ply level (Stone et al.,
1997; Olivier and Cottu, 1998; Gopal et al., 2000). On the meso/microlevel, the unit cell or representative vol-
ume element (RVE) approach based on the meso/microscopic periodic structure of the laminate is generally
adopted and the analysis is often carried out using a numerical procedure such as the finite element method
(Andersson et al., 2000; Sweeting and Thomson, 2004; Zhang et al., 2004). Residual stress and strain fields at
the fibre–matrix or tow level can be predicted from the meso/microscopic unit cell model.

The formation of residual stresses, especially the tensile stress in the matrix, is generally detrimental in the
production of polymer–matrix composite parts, since the stress can be high enough to initiate material damage
before loading such as interface debonding and matrix microcracking as shown in Fig. 1 (Gentz et al.,
2004a,b). The initial damage can reduce the stiffness and the strength of the material, as well as acting as sites
for environmental degradation and nucleation of macrocracks. Therefore, any analytical or experimental
study involving damage and fracture mechanics of composites should take into account residual stresses if
they exist. On the other hand, some residual stress states may be favourable; for example, positive hoop stres-
ses around the reinforcing fibre may augment the pull-out energy dissipation and thus increase toughness
(Nimmer, 1990).

Although residual stress has been extensively studied in polymer–matrix composites, most work focused on
the determination of residual stress due to the thermal mismatch of the fibre and matrix system. Also, effects of
residual stress on failure of composites have not been deeply addressed yet, especially the effect on failure enve-
lopes for biaxial loading. In this work, finite element analysis was used to study the residual stress and its effect
on transverse failure of unidirectional fibre-reinforced polymer–matrix composites using a micromechanical
unit cell model. The residual stress introduced during curing was determined by considering the contributions
from both the chemical shrinkage of resin and the thermal cooling contraction of fibre and resin. Effects of



Fig. 1. Transverse tow microcracks in a woven graphite fibre polyimide composite prior to loading (from Gentz et al., 2004a,b).
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residual stress on damage evolution and failure of the unit cell subjected to transverse mechanical loading after
curing were predicted using the Maximum Principal Stress failure criterion and the post-failure stiffness reduc-
tion technique. Transverse mechanical loading was applied to the unit cell model by specifying uniform dis-
placements along the edges of the unit cell. Uniaxial tension and compression and pure shear were all
considered, where appropriate boundary conditions and constraints were required for each loading case. Fur-
thermore, biaxial normal loading and combined shear and normal loading are applied to the model to study
the effect of residual stress on failure envelopes.
2. Finite element modelling

2.1. Micromechanical model

In unidirectional fibre composites, the actual fibre distribution is quite random across the cross-section. For
simplicity, most micromechanical models assume a periodic arrangement of fibres for which a unit cell can be
isolated. The unit cell has the same elastic constants and fibre volume fraction as the composite. The periodic
fibre sequences commonly used are the square and hexagonal arrays. Here the square array is considered for
the residual stress analysis as shown in Fig. 2 and the matrix is assumed to be perfectly bonded to the fibres
throughout the analysis.

Two micromechanical models are constructed depending on the type of load applied after curing. For
transverse normal loading, due to the symmetry only a quarter of the unit cell (Fig. 3a) is considered. Bound-
ary conditions used for the model are illustrated in Fig. 3a, where equal x-displacement and y-displacement
are required for the right and top edges, respectively. For transverse shear loading or combined normal
and shear loading, a whole unit cell (Fig. 3b and c) is considered here. It should be pointed out that a quarter



Fig. 2. Schematics of square fibre arrays and the representation volume element or unit cell (enclosed by dashed lines).
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unit cell can also be used to simulate the transverse shear deformation by considering appropriate boundary
and symmetry conditions as shown in Yuan et al. (1997). However, the adoption of a whole unit cell in the
present work can facilitate the application of multi-point constraints for finite element shear deformation anal-
ysis (ABAQUS, 2005). Boundary conditions used for residual stress analysis of the whole unit cell are shown
in Fig. 3b, together with the following kinematic constraints:
uða; yÞ � uð�a; yÞ ¼ uðEÞ � uðF Þ; ð1Þ
vðx; bÞ � vðx;�bÞ ¼ vðGÞ � vðF Þ; ð2Þ
where u(E) and u(F) are the x-direction displacements of node E and node F, and v(G) and v(F) are the y-direc-
tion displacements of node G and node F.

In order to satisfy the deformation requirements for shear loading or combined normal and shear loading
applied after curing, boundary conditions need to be modified (Sun and Vaidya, 1996). Fig. 3c shows the mod-
ified boundary conditions for which the kinematic constraints given by (1) and (2) are still valid.

To simulate the shear loading, a constant displacement dx along the x-axis is applied to the top and bottom
surfaces of the unit cell but in the opposite directions and expressed as
uðx; bÞ ¼ �uðx;�bÞ ¼ dx. ð3Þ
In this case, the equivalent shear strain is obtained as
exy ¼
dx

2b
. ð4Þ
In addition, to simulate the normal loading in the y-direction, a constant displacement dy in the y-direction is
applied at the two top corners of the whole unit cell, together with the following kinematic constraints for the
right and left edges (Sun and Vaidya, 1996),
vða; yÞ ¼ vð�a; yÞ. ð5Þ

The equivalent normal strain in the y-direction is then obtained as
eyy ¼
dy

2b
; ð6Þ
where if dy = 0, a pure shear deformation will be realized (Sun and Vaidya, 1996).



Fig. 3. Illustration of model boundary conditions: (a) a quarter of unit cell, (b) the whole unit cell for residual stress analysis and (c) the
whole unit cell for shear loading after curing.
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Following the above constraints, the predicted deformed shape for pure shear loading is illustrated in
Fig. 3c and agrees with that in Sun and Vaidya (1996). The meshes generated for the two models are shown
in Fig. 4 where the volume fraction is taken to be 60% and 6-noded plane strain elements are used. The
number of elements is approximately 6000 for the quarter unit cell model and 24,000 for the whole unit
cell model. The average element size within the fine mesh region is around 0.01 times the fibre radius. Mesh
sensitivity analysis suggests that the mesh shown in Fig. 4 is fine enough to produce quite accurate results
compared to a doubly refined mesh, with a difference within 0.2% in terms of residual stress and failure
strain level.



Fig. 4. Finite element mesh: (a) a quarter of unit cell used for subsequent normal loading analysis and (b) a whole unit cell used for
subsequent shear loading analysis.
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2.2. Residual stress analysis

For constrained shrinkage and thermal cooling contraction of the resin, the total induced strain can be ex-
pressed as
deij ¼ deij þ dij dsþ dijaðT ÞdT ; ð7Þ

where deij is the total strain increment, deij the elastic strain increment, ds the free shrinkage strain increment
due to the chemical reaction (cross-linking) in the absence of constraint, a(T) the thermal expansion coefficient
which is dependent on the temperature, and dT the temperature change.
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From Eq. (7), the stress–strain relationship can be derived as
drij ¼ Cijkl dekl ¼ Cijkl deij � dij ds� dijaðT ÞdT
� �

; ð8Þ
where drij are the stress increments and Cijkl the stiffness components. The above stress analysis is based on
linear elasticity and the stiffness components Cijkl are related to the Young�s modulus E and the Poisson�s ratio
m of the material.

Eq. (8) was derived for the residual stress analysis in the resin. For isotropic fibre, Eq. (8) is still applicable
by simply ignoring the chemical shrinkage strain.

2.3. Material

The composite constituents considered here are glass fibre and epoxy resin, whose properties are given in
Zhang et al. (2004). The properties of glass fibre are assumed to remain constant and independent of the
temperature change with Young�s modulus E = 72.5 GPa and Poisson�s ratio m = 0.22 and the coefficient of
thermal expansion a = 5.0 · 10�6/�C. However, for the epoxy resin, thermal transition temperatures, for
example, the glass transition temperature Tg, strongly affect mechanical properties. Therefore, the material
properties of the resin were proposed as a function of temperature in Zhang et al. (2004), which was also used
throughout the present analysis and summarized as follows:

(a) Poisson�s ratio is assumed to be temperature independent with a value of m = 0.4.
(b) To consider the change of Young�s modulus E over the temperature range from curing to room temper-

ature, the total temperature range was divided into three regions linked to the glass transition temper-
ature Tg. The transition region around Tg is assumed to be Tg � DT1 6 T 6 Tg + DT2, where E varies
greatly. For T P Tg + DT, the matrix is in liquid or rubbery state and E has a very small value. When
T 6 Tg � DT1, the matrix is in solid state and E changes only slightly. For each region, the modulus is
obtained by the following proposed functions,
EðT Þ ¼ EðT rÞ exp �k1

T � T r

T g � DT 1 � T r

� �
T 6 T g � DT 1; ð9Þ

EðT Þ ¼ EðT g � DT 1Þ exp �k2

T � T g þ DT 1

DT 1 þ DT 2

� �
T g � DT 1 6 T 6 T g þ DT 2; ð10Þ

EðT Þ ¼ 0:01EðT rÞ T P T g þ DT 2; ð11Þ

where the constants are determined by Zhang et al. (2004) with Tg = 110 �C, Tr = 23 �C, DT1 =
DT2 = 35 �C, E(Tr) = 2600 MPa, E(Tg � DT1) = 0.7E(Tr), E(Tg + DT2) = 0.01E(Tr), k1 = 0.357 and
k2 = 4.249.
(c) The thermal expansion coefficient a is assumed to change linearly with the temperature with a slope of
K ¼ al � aðT rÞ
T g � T r

; ð12Þ
where a(Tr) = 63 · 10�6/�C and al = 139 · 10�6/�C.

The isothermal curing reaction of a thermoset resin involves dramatic changes in the properties of the resin.
After heating of the initially liquid monomer, the chemical reaction commences. The molecular weight and the
degree of crosslinking increase and the volume of the system decreases. As the reaction proceeds two phenom-
ena may occur independently: gelation and vitrification. Gelation corresponds to the formation of a molecular
network and can be regarded as the point after which the system can sustain stress. Vitrification occurs when
the glass transition temperature Tg of the reacting system reaches the cure temperature. On vitrification the
system, either a rubbery network or a viscous liquid (if vitrification precedes gelation), is transformed into
a glassy state. The property change was shown to be closely related to the degree of cure of the resin (Stone
et al., 2000; Flores et al., 2002). Here, the properties of the resin were assumed to be independent of the degree
of cure and constant at the isothermal curing temperature. Their values were obtained from the temperature-
dependent functions (9)–(11) and used for the shrinkage residual stress analysis in the present work. This
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assumption was justified by the fact that the modulus was built up very quickly after resin gelation or vitri-
fication (Lange et al., 1995). Also stress relaxation due to the viscoelasticity of the epoxy resin (Kim and
White, 1998; Zhang et al., 2004) was ignored here, and the epoxy was treated as linear elastic.
3. Damage prediction

As shown in Fig. 2, at the microscale the model consists of fibre reinforcement and resin matrix. Both fibre
and resin are isotropic materials and the Maximum Principal Stress theory is applicable for damage onset
prediction. If the stress level satisfies the failure criterion, the fibre or matrix would crack. Final failure
corresponds to the rupture of the unit cell, which is unable to carry further load. The Maximum Principal
Stress failure criterion is summarized as
rmax P rt
u; ð13Þ

rmin 6 rc
u; ð14Þ
where rmax and rmin are the maximum and minimum principal stresses and rt
u and rc

u are the tensile and com-
pressive strengths of the material, respectively.

It is a common practice in simulating material damage to reduce the stiffness (or stiffness in a certain direc-
tion) to a near zero value following the onset of damage. Selective and non-selective stiffness reduction
schemes are often used. Selective schemes are typically applied for composites where the load-carrying nature
is dependent on the damage orientation (Blackketter et al., 1993). For isotropic material, damage is indepen-
dent of the material orientation, so that non-selective stiffness reduction is applied. In this case, once the fail-
ure criterion is satisfied, the moduli are reduced to near zero values (0.01 times the original value), including
the shear modulus.

The non-selective stiffness degradation scheme, together with the residual stress analysis from Eq. (8), was
programmed into a user-defined material subroutine (UMAT) interfaced with the commercial finite element
code ABAQUS standard (ABAQUS, 2005). During the analysis, the stress level was calculated at the Gauss
integration points for each time increment and examined for damage detection using the Maximum Principal
Stress failure criterion. Once the failure criterion was satisfied, the stiffness reduction was applied for further
analysis until final failure of the model. The damage model is similar to that used in Zhao et al. (in press) for
damage progression analysis in an E-glass/vinylester non-crimp fabric composite laminate.
4. Results and discussion

Since transverse failure of composites is related to the (x,y) in-plane stress state, in the following distribu-
tions of the maximum in-plane principal residual stress are presented and predictions for transverse failure are
also based on the maximum in-plane principal stress.

4.1. Residual stress

As discussed above, residual stress has two parts: the chemical shrinkage residual stress and the thermal
cooling residual stress. The analysis was performed by two discrete steps, where step one is the shrinkage stress
analysis and step two is the thermal cooling stress analysis. The shrinkage residual stress was calculated by a
given amount of resin shrinkage. For the epoxy resin considered here, the shrinkage strain was chosen to be
between 0.5% and 2%, which corresponds to the volume change between 1.5% and 6% and falls within exper-
imental measurements (Russell, 1993; Oota and Saka, 2001; Li et al., 2004; Sakaguchi et al., 2004). The ther-
mal residual stress is due to the cooling of the system from the curing temperature to room temperature 23 �C.
Finite element analysis was carried out incrementally in each step. In step one, the total shrinkage strain was
applied to the resin incrementally and the residual stress was calculated through the constitutive Eqs. (7) and
(8). In step two, the shrinkage strain for the resin was set to be zero and only the thermal cooling contraction
was considered for residual stress calculation from Eqs. (7) and (8).



L.G. Zhao et al. / International Journal of Solids and Structures 43 (2006) 5449–5467 5457
Analysis was first given to the situation of 1% shrinkage strain and 100 �C curing temperature. The consid-
ered curing temperature is slightly below the glass transition temperature 110 �C of the epoxy resin (Zhang
et al., 2004). A contour plot of the obtained maximum principal residual stress is shown in Fig. 5. It can
be seen that, as expected, the resin experiences a tensile maximum principal residual stress while the fibre
has a compressive maximum principal residual stress. The maximum principal residual stress has greatest va-
lue (32.5 MPa) at the middle area of the interface between the resin and the fibre but within the resin.

The distribution of the resin�s maximum principal residual stress along the interface is presented in Fig. 6
for the situation of 1% shrinkage strain and 100 �C curing temperature, where the shrinkage and thermal cool-
ing contributions are shown separately. Compared to the chemical shrinkage of resin, the thermal cooling con-
tribution seems dominant for 100 �C curing temperature. The relatively small contribution from the chemical
shrinkage is due to the low resin modulus at 100 �C curing temperature.

For 100 �C curing temperature, Fig. 7a shows the distribution of the resin�s maximum principal residual
stress along the interface for three given shrinkage strains, i.e., 0.5%, 1% and 2%, respectively. The higher
the shrinkage strain, the higher the residual stress. With 0.5% shrinkage strain, the residual stress distribution
was shown in Fig. 7b for three curing temperatures, i.e., 80 �C, 100 �C and 120 �C, respectively. It can be seen
that for a given amount of chemical shrinkage, the lower the curing temperature the higher the overall residual
stress. This is due to the more significant contribution from the chemical shrinkage residual stress at lower
curing temperature, a direct result of higher modulus at lower curing temperature.

According to the Maximum Principal Stress failure criterion, the residual stress can introduce resin failure
along the interface of the fibre and the resin, which agrees with the experimental observation of microcracking
Fig. 5. Contour plot of the maximum principal residual stress (MPa) for 1% shrinkage strain and 100 �C curing temperature.
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Fig. 6. Distribution of the maximum principal residual stress in the rein along the fibre/matrix interface for 1% shrinkage strain and
100 �C curing temperature.
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100 �C curing temperature and (b) varying curing temperature at 0.5% shrinkage strain.
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shown in Fig. 1 (Gentz et al., 2004a,b). In most published work on residual stress, thermal cooling was treated
as the main source of residual stress in composites (Sweeting and Thomson, 2004; Zhang et al., 2004; Olivier
and Cottu, 1998). This method excludes the shrinkage residual stress developed during isothermal curing and
thus underestimates the overall residual stress. Therefore the residual stress from thermal cooling can be
understood as the lower bound of the overall residual stress. From Fig. 6, it seems that curing shrinkage makes
a reasonable contribution to the overall residual stress and should be included for stress analysis in polymer
composites.

4.2. Effect of residual stress on transverse failure

To study the influence of residual stress/strain on the response of the unit cell model, the damage evolution
in the matrix was examined under transverse loading. After curing and thermal cooling analysis, a global
strain is applied to the model which is achieved by specifying a uniform displacement at the model surfaces.
The global strain is applied up to 2% and within small strain scope. At each time increment of the analysis, the
extent of damage zone in the matrix is determined using the Maximum Principal Stress failure criterion.
Throughout the following analyses, the fibre shows no sign of damage due to its high strength (Soden
et al., 1998). Therefore, damage and failure are referred to the matrix only.

4.2.1. Uniaxial tensile loading

With the residual stress/strain state, the evolution of damage for uniaxial tensile loading in the x-direction is
shown in Fig. 8a where the damage zone is represented by a black shading in the matrix. The tensile strength
of the epoxy resin is taken to be 80 MPa (Soden et al., 1998) and the residual stress/strain state corresponds to



Fig. 8. Damage initiation and evolution under uniaxial transverse tensile loading (up to 1% global strain): (a) with residual stress and
(b) no residual stress.
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the situation of 1% shrinkage strain and 100 �C curing temperature. For a comparison, Fig. 8b shows the dam-
age evolution under the same uniaxial tensile loading but neglecting the residual stress/strain introduced dur-
ing the curing process. It can be seen that the site of damage initiation and the subsequent evolution are clearly
affected by considering the residual stress (Asp et al., 1996; Kwon and Berner, 1997; Zhang et al., 1998, 2004).
Without residual stress, damage initiates at the right-bottom corner and propagates upwards along the right
edge. If the residual stress is included, damage would initiate near the bottom of the fibre/matrix interface and
propagate upwards along the interface.

During the above damage analysis, the global stress–strain response in the loading direction was monitored
and the results are given in Fig. 9 for the cases with and without residual stress. For both cases, the carried
stress starts to drop quickly and significantly from the start of damage initiation. Since the damage prediction
is based on the stiffness reduction technique, the model is expected to have some degraded stiffness after dam-
age initiation and thus exhibits some branches in the global stress–strain traces with further load increase (see
Figs. 9, 12a and 14a). Different branching behaviour in the global stress–strain trace was also noticed for the
cases with and without residual stress, which might be due to the difference of the degraded stiffness for
each case. No matter how different the branching behaviour is for each case, the global stress–strain traces
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Fig. 9. Global stress–strain trace in the x-direction for uniaxial transverse tensile loading.
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consistently show that once the damage is initiated, the model is unable to carry the applied load and tends to
fail quickly. Thus, the initial failure strain level is also the final failure level for transverse loading.

The obtained failure strain is plotted in Fig. 10 as a function of the resin tensile strength, where three resid-
ual stress/strain states were considered by varying the amount of shrinkage strain from 0.5% to 2% at 100 �C
curing temperature. The dashed line shows the result for the case without residual stress. Clearly, the effect of
residual stress on damage depends on two factors: the magnitude of the residual stress and the strength of
resin. If the residual stress exceeds the resin strength, failure occurs before any load application (Lennon
and Prendergast, 2002). If the resin has a high strength, then there is a transition point at which the curve with
residual stress intersects the curve without residual stress. On the left of the transition point, the residual stress
tends to cause failure earlier and thus plays a detrimental role. On the right of the transition point, the residual
stress delays the occurrence of failure and appears to be beneficial. The transition point varies with the residual
stress/strain state. Severe residual stress shifts the transition point to the right and needs higher resin strength
for a beneficial effect.

The benefits of residual stress beyond the transition point can be explained by the stress profiles plotted in
Fig. 11. When no residual stress was considered, the maximum principal stress has the greatest positive value
at position A with a direction along the x-axis (Fig. 11b) which will introduce initial failure at position A (see
Fig. 8b). Looking at the residual stress in the x-direction, it is found that a negative value (�36.1 MPa for 1%
shrinkage strain and 100 �C curing temperature) exists at position A (Fig. 11a). The negative residual stress at
position A in the x-direction would postpone the occurrence of failure by negating part of the tensile maxi-
mum principal stress at position A (Fig. 11b) through superposition, thus bringing a beneficial effect. Accom-
panying this beneficial effect, damage initiation and evolution along the right edge for no residual stress
(Fig. 8b) was switched to along the fibre–matrix interface when the residual stress is included (Fig. 8a).

4.2.2. Uniaxial compressive loading

For uniaxial compressive loading in the x-direction, damage evolution patterns exhibit the behaviour sim-
ilar to that shown in Fig. 8b. In this case, analyses show that the residual stress does not influence the site of
damage initiation and the pattern of damage evolution. Damage always initiates at the right-bottom corner
(see Fig. 8b) and grows along the right edge irrespective of the residual stress. The cause of failure was due
to the compressive minimum principal stress which reaches the resin compressive strength.

Under uniaxial compressive loading, the monitored global stress–strain trace during the damage analysis is
given in Fig. 12a where the compressive strength of the epoxy resin is taken to be 160 MPa (Soden et al., 1998).
The trace with residual stress is obtained by considering 1% shrinkage strain and 100 �C curing temperature.
As shown in Fig. 12a, the carried stress starts to drop from the point of damage initiation and, as for the ten-
sile loading, the initial failure strain level is also the final failure level. The compressive failure strain is plotted
in Fig. 12b as a function of resin compressive strength for three different amounts of shrinkage strain (0.5%,
1% and 2%) at 100 �C curing temperature. The dashed line represents the case without residual stress. It can be



Fig. 11. Stress contours (MPa): (a) residual stress in the x-direction (1% shrinkage strain and 100 �C curing temperature) and (b) the
maximum principal stress at an x-direction global strain of �0.3% (no residual stress).
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seen that, although residual stress does not affect the damage pattern, it does cause earlier failure and plays a
detrimental role for compressive loading. Again, this is due to the influence of negative residual stress at posi-
tion A in the x-direction (Fig. 11a). The negative residual stress would facilitate the occurrence of failure by
enhancing the compressive minimum principal stress at position A under compressive loading, thus having a
detrimental effect.

4.2.3. Pure shear loading

Initiation and evolution of damage for pure shear loading are shown in Fig. 13a for the case with residual
stress (1% shrinkage strain and 100 �C curing temperature) and Fig. 13b for the case without residual stress.
Failure is due to the tensile maximum principal stress which reaches the resin tensile strength 80 MPa. It can
be seen that under pure shear loading, damage evolution is mainly along the interface, initiating simulta-
neously near the vertical and horizontal areas of the interface and growing towards each other as shown in
Fig. 13a and b. The site of damage initiation and the subsequent evolution are not so affected by the residual
stress.

Fig. 14a shows the global shear stress–strain trace for pure shear loading. The initial failure point is the final
failure point for both the case without residual stress and the case with residual stress (1% shrinkage strain and
100 �C curing temperature). As for transverse tensile and compressive loading (Figs. 9 and 12a), the carried
stress starts to drop at the point of damage initiation where the tensile maximum principal stress reaches
the resin tensile strength (80 MPa). The shear failure strain is plotted in Fig. 14b as a function of resin tensile
strength where three different levels of shrinkage strain (0.5%, 1% and 2%) at 100 �C curing temperature were
considered. Compared to the result for the case without residual stress, it can be seen that residual stress causes
earlier failure and plays a detrimental role for shear loading. This is because of the tensile maximum principal
residual stress along the fibre–matrix interface which facilitates the initiation and progress of damage (Fig. 13a
and b) along the fibre/matrix interface under shear loading.
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Fig. 12. (a) Global stress–strain trace in the x-direction and (b) failure strain as a function of the resin compressive strength for uniaxial
transverse compressive loading.

Fig. 13. Damage initiation and evolution under pure shear loading (up to 2% global strain): (a) with residual stress and (b) no residual
stress.
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Fig. 14. (a) Global stress–strain trace in the x-direction and (b) failure strain as a function of the resin tensile strength for pure shear
loading.
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4.2.4. Biaxial normal loading

Under biaxial normal loading, failure envelopes were constructed by considering different biaxial strain
ratios and the results are shown in Fig. 15a and b for two selected resin strengths. Note that the compressive
strength was taken to be twice the tensile strength for the epoxy resin (Soden et al., 1998) and the considered
residual stress/strain state corresponds to 1% shrinkage strain and 100 �C curing temperature. Failure enve-
lopes for no residual stress are also included for comparison. For the case without residual stress, the shape
of failure envelope is more or less a square which is consistent with the Maximum Principal Stress failure cri-
terion. By considering the residual stress, transverse failure envelopes for biaxial normal loading are shown to
be shifted and contracted from those derived by excluding residual stress. Similar shifting effect of residual
stress on initial yield surfaces was reported by Aghdam and Khojeh (2003) for unidirectional fibre-reinforced
metal–matrix composites under transverse loading.

From the failure envelopes, residual stress is shown to be detrimental for compression dominated loading
by causing earlier failure. On the other hand, for tension dominated loading residual stress has a complex ef-
fect depending on the magnitude of the residual stress and the resin strength. As shown in Fig. 15a, for rel-
atively low resin strength residual stress brings earlier failure and has a detrimental effect. For relatively high
resin strength, residual stress delays failure and appears to be beneficial as shown in Fig. 15b. This is attributed
to the influence of negative residual stress both at the right-bottom corner of the quarter unit cell in the x-
direction (Fig. 11a) and at the left-top corner of the quarter unit cell in the y-direction. Contour plot of
the residual stress in the y-direction can be obtained by simply exchanging the x-axis and the y-axis in
Fig. 11a. Therefore, the residual stress in the y-direction has negative value at the left-top corner of the quarter
unit cell.
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4.2.5. Combined shear and normal loading

With two selected resin strengths, failure envelopes for combined shear and normal loading are given in
Fig. 16a and b where the normal loading is applied in the y-direction. Again, the compressive strength was
chosen to be twice the tensile strength for the epoxy resin (Soden et al., 1998). By the inclusion of residual
stress (1% shrinkage strain and 100 �C curing temperature), transverse failure envelopes for combined shear
and normal loading are also shown to be shifted and contracted from those derived by ignoring the residual
stress. Experiments on biaxial failure envelopes for unidirectional fibre composites have focused on the com-
bined longitudinal and transverse loading conditions (see Soden et al., 2002). Due to the lack of test data on
transverse failure envelopes, comparison of the present results with experimental data is not included in this
work. However, further analysis on failure envelopes is ongoing for combined longitudinal and transverse
loading using a three-dimensional micromechanical model and the results are expected to be compared with
experimental measurements.

As seen in Fig. 16a and b, in most cases residual stress is shown to be detrimental for combined shear and
normal loading. This is due to the combined influence of the tensile maximum principal stress along the fibre–
matrix interface and the negative residual stress in the y-direction at the left-top corner of the quarter unit cell
in Fig. 3a. For high resin strength, there is an area with a low ratio of shear to normal loading for which the
residual stress appears to be beneficial as shown in Fig. 16b. In this area, the ratio of shear to normal loading is
less than 1 and the loading can be regarded as equivalent to the transverse tensile loading for which the resid-
ual stress is beneficial for relatively high resin strength (see Figs. 10 and 15b).
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5. Conclusions

Residual stress and its effect on transverse failure of fibre-reinforced polymer–matrix composites were stud-
ied using a micromechanical unit cell model and the finite element method. Determination of residual stress in
polymer–matrix composites should include contributions from both the chemical shrinkage of the resin and
the thermal cooling contraction of the fibre and the resin. Analyses considering the thermal cooling stress only
may underestimate the overall residual stress during cure.

For tension-dominated transverse loading, residual stress could be detrimental or beneficial depending on
the magnitude of the residual stress and the material strength. Specifically, shrinkage is detrimental for rela-
tively low resin strength and beneficial for relatively high resin strength. Residual stress is always detrimental
for compression-dominated transverse loading and pure shear loading.

A shifting and contraction of failure envelopes for transverse biaxial normal loading and combined shear
and normal loading are predicted by considering the residual stress.
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